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48 Chapter 2. Conditional Probability

situation. If p # 1/2, then it follows from Eq. (2.4.9) that the probabilities c; and as of winning in the
two situations equal the values

o = L=p/p*-1 1
(L =pl/p)° -1 (1 -p]/p)>°+1’
N (L=pl/p)* -1 _ 1
S (T} E B (TR P e

< Hence, if p < 1/2, then ([1 —p]/p) > 1 and as > a1. If p > 1/2, then ([1 — p]/p) < 1 and a; > as.

7% X 36. (a) Since each candidate is equally likely to appear at each point in the sequence, the one who happens

- to be the best out of the first ¢ has probability /i of appearing in the first r interviews when
1> T

(b) If i <, then A and B; are disjoint and Pr(A N B;) = 0 because we cannot hire any of the first
candidates. So Pr(A|B;) = Pr(A N B;)/Pr(B;) = 0. Next, let ¢ > r and assume that B; occurs.
Let C; denote the event that we keep interviewing until we see candidate 1. If C; also occurs, then
we shall rank candidate ¢ higher than any of the ones previously seen and the algorithm tells us
to stop and hire candidate ¢. In this case A occurs. This means that B; N C; C A. However, if C;
fails, then we shall hire someone before we get to interview candidate ¢ and A will not occur. This
means that B;NCfNA = (. Since B;NA = (B;NC;NA)U(B;NCFNA), we have B;NA = B;NC;
and Pr(B; N A) = Pr(B;NC;). So Pr(A|B;) = Pr(C;|B;). Conditional on B;, C; occurs if and only
if the best of the first ¢ — 1 candidates appears in the first r positions. The conditional probability
of C; given B; is then /(1 — 1).

(c) If we use the value r > 0 to determine our algorithm, then we can compute

” "1 r T 1
pr=Pr(4) = > Pr(B)Pr(A|B) = Y —— = > —
i=1 i=r+1 t=r+1

For r = 0, if we take r/r = 1, then only the first term in the sum produces a nonzero result and
po = 1/n. This is indeed the probability that the first candidate will be the best one seen so far
when the first interview occurs.

(d) Using the formula for p, with r > 0, we have

1l & 1
Gr=pr—pr1=—|3 —-1f,

i=r+1

which clearly decreases as r increases because the terms in the sum are the same for all r, but
there are fewer terms when r is larger. Since all the terms are positive, g, is strictly decreasing.

(e) Since p, = g + pr—1 for 7 > 1, we have that p, = pg + g1 + -+ + ¢,. If there exists r such that
gr <0, then g; < 0 for all j > r and p; < pr—1 for all j > r. On the other hand, for each r such
that ¢» > 0, p, > pr—1. Hence, we should choose r to be the last value such that g, > 0.

(f) For n = 10, the first few values of ¢, are

r | 1 2 3 4
gr | 01829 0.0829 0.0390 —0.0004

So, we should use » = 3. We can then compute p3 = 0.3987.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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Xo

/
2

0 1 X1

Figure S.3.37: Region for Exercise 5 of Sec. 3.11.

Pr ivisible n) = f(n n n ----——Oo———l—-——i.
@) Pr(X divisible by n) = f(n) + f20) + SGm) + =30 s =

(b) By part (a), Pr(X even) = 1/2P. Therefore, Pr(X odd) =1 — 1/2?.

Pr(X + X even) = Pr(X; even)Pr(X; even) + Pr(X; odd) Pr(Xs odd)

- F) () (-5)(-3)

. Let G(z) devote the c.d.f. of the time until the system fails, let A denote the event that component 1

is still operating at time z, and let B denote the event that at least one of the other three components
is still operating at time x. Then

1 — G(z) = Pr(System still operating at time =) = Pr(4 N B) = Pr(4) Pr(B) = [1 — F(2)][l — F3(z)).

Hence, G(z) = F(z) [1 + F%(z) — F3(z)].

Let A denote the event that the tack will land with its point up on all three tosses. Then Pr(A4|X =
z) = z°. Hence,

Pr(4) = /01 23 f(z)de = %0

. Let Y denote the area of the circle. Then Y = 7X?2, so the inverse transformation is

dz 1

= 1/2 —_— = —_———
z = (y/m) and iy = 2

Also, if 0 < z < 2, then 0 < y < 47. Thus,

L 138" 41] for o 4
g(y)_W <;> + or 0<y<dm

and ¢(y) = 0 otherwise.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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-------- Boundary of [x1-x2|<0.1
Boundary of [x1/x2-1|<.1

x1

Figure S.3.42: Boundaries of the two regions where |z; — z2| < 0.1 and |z1 /22 — 1] < 0.1 in Exercise 26e of
Sec. 3.11.

28. If A and B play in the first game, then there are the following two sequences of outcomes which result
in their playing in the fourth game:
i) A beats B in the first game, C beats A in the second game, B beats C in the third game;
ii) B beats A in the first game, C' beats B in the second game, A beats C in the third game.

The probability of the first sequence is (0.3) (0.4) (0.8) = 0.096. The probability of the second sequence
is (0.7) (0.2) (0.6) = 0.084. Therefore, the overall probability that A and B will play again in the fourth
game is 0.18. The same sort of calcuations show that this answer will be the same if A and C play in
the first game or if B and C play in the first game.

29. The matrix G and its inverse are

—-1.0 03 1.0
G = 06 —-1.0 1.0 |,

0.8 02 1.0

—0.5505 —0.4587 0.5963
G 't = 0.0917 —0.8257 0.7339

0.4220  0.2018 0.3761

The bottom row of G™! is the unique stationary distribution, (0.4220,0.2018,0.3761).

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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Suppose that you order s liters. If the demand is z < s, you will make a profit of gz cents on the z
liters sold and suffer a loss of c(s — ) cents on the s — z liters that you do not sell. Therefore, your
net profit will be gz — ¢(s — z) = (g + ¢)x — cs. If the demand is 2 > s, then you will sell all s liters
and make a profit of gs cents. Hence, your expected net gain is

E = /Os[(g + c)z — cs]f(x)dzx + gs /SOO f(z)dz
= /0 (g+c)z f(z)dr — csF(s) + gs[l — F(s)).

To find the value of s that maximizes E, we find, after some calculations, that

dE

2 =9 (g+o) Fls).

Thus, 2€ = 0 and E is maximized when s is chosen so that F(s) = g/(g + c).

Suppose that you return at time ¢. If the machine has failed at time x < ¢, then your cost is c(t — x).
If the machine has net yet failed (z > t), then your cost is b. Therefore, your expected cost is

FE = /: c(t —z)f(z)dz + b/tOO f(z)dz = ctF(t) — c/ot zf(z)dz +b[1 — F(t)].

Hence,

%5- — cF(t) - bf(2).

and E will be maximized at a time ¢ such that cF'(t) = bf(?).

E(Z) =5(3) — 1+ 15 = 29 in all three parts of this exercise. Also,
Var(Z) = 25 Var(X) + Var(Y) — 10 Cov(X,Y) = 109 — 10 Cov(X,Y).
Hence, Var(Z) = 109 in parts (a) and (b). In part (c),

Cov(X,Y) = poxoy = (.25)(2)(3) = 1.5

S0 Var(Z) = 94.
n
In this exercise, Z Y; = Tn — xo. Therefore,
j=1

1
Var(Y,) = = Var(X,, — Xo).

Since X,, and X are independent,

Var(X,, — Xo) = Var(X,,) + Var(Xp).

— 202
Hence, Var(Y,) = %.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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